The aim of this paper is to compare various methods which extract a Risk Neutral Density (RND) out of PIBOR as well as of Notional interest rate futures options and to investigate how traders react to a political event. We¯rst focus on 5 dates surrounding the 1997 snap election and several methods: Black (1976), a mixture of lognormals (as in Melik and Thomas (1997)), an Hermite expansion (as in Abken, Madan, and Ramamurtie (1996)), and a method based on Maximum Entropy (following Buchen and Kelly (1996)). The various methods give similar RNDs, yet, the Hermite expansion approach, by allowing for somewhat dirty options prices, by providing a good¯t to options prices, and by being fast is the retained method for the data at hand. This approach also allows construction of options with a¯xed time till maturity. A daily panel of options running from February 1997 to July 1997 reveals that operators in both markets anticipated the snap election a few days before the o±cial announcement and that a substantial amount of political uncertainty subsisted even a month after the elections. Uncertainty evolved with polls' forecasts of the future government.
Introduction
Much of the literature following the seminal work on option pricing by Black-Scholes (1973) and Merton (1973) assumed that the price process of an option's underlying asset can be described by a lognormal di®usion. Empirical studies of options' implied volatilities, such as Rubinstein's (1994) , demonstrate that options for a same maturity but with di®erent strike prices have di®erent volatilities, a feature called the option's smile. This feature may arise if the underlying asset has jumps or changes its volatility and is in contradiction with Black-Scholes' and Merton's assumptions. In this case an option may not be perfectly hedged which in turn implies that market operators' expectations about the future play an important role.
From the works of Harrison and Kreps (1979) as well as Harrison and Pliska (1981) it is known that, under rather mild assumptions, there exists a Risk Neutral Density (RND) which allows pricing of an option as a conditional expectation. This RND is related to market participants' expectations of the future price process in a risk neutral environment. As shown by Campa, Chang, and Reider (1997a), or SÄ oderlind and Svensson (1997), once such a density is obtained it is possible to compute moments as well as con¯dence intervals, the evolution of which is indicative of market participants' perceptions of the future. Clearly, because of a possibly time-varying risk premium RNDs di®er from real life probability distributions. Nonetheless, the RND plays an important role as a tool to evaluate the credibility of the Central Bank. RNDs are equally important for an investor who needs a measure how markets are thought to evolve through time. RNDs can also provide an objective measure of expected extreme variations in 1 the underlying asset's price which is useful for risk management.
In this study we investigate the information content of PIBOR (Paris Interbank O®ered Rate) interest rate futures options and Notional bond futures options. Whereas PIBOR instruments capture short-term interest rate movements, the Notional bond, by being a virtual instrument with up to 10 years till maturity, captures long-run movements. Both futures and options are traded at MATIF (March ¶ e µ a Terme International de France). Thus, a¯rst contribution is the investigation of a dataset which has attracted less attention than US or UK 2 data.
A further contribution of this research is the comparison of four methods which extract a RND by applying them to actual options data. First, the benchmark model follows Black (1976) and assumes that the RND is a lognormal. Second, we consider the mixture of lognormals model 1 Unlike some of the literature which has addressed the question how to price options under non constant volatility (e.g. Derman and Kani (1994) , Dumas, Fleming, and Whaley (1996) , Dupire (1994) , Shimko (1993) , as well as Stein and Stein (1991) ) we address the question of what the information content in options of various maturities is.
2 Possibly because this market is less liquid it is necessary to¯lter the data. These¯lters can be applied to data of similar quality in other markets.
The structure of this research is as follows. In the next Section we describe the methods used to obtain the RND. In Section 3 we start by describing the data. Then we compare the various methods for¯ve selected dates. After¯nding a satisfactory model (the Hermite polynomial approximation) we set to applying it to the entire database and analyze the message contained in the PIBOR and Notional options. Conclusions are presented in Section 4.
How to obtain a Risk Neutral Density
Let C and P be the generic notation for the price of a call and a put option. Let r; t; ¿; T; K be the risk-free continuously compounded interest rate, the current date, the expiration date, the time till expiration, (¿ = t + T ), and a strike price, respectively. Let F be the current futures t price or rate. For further use we want to introduce the notation C , i = 1; ¢ ¢ ¢ ; m as the price i + for the European call option with ith strike price written as K , and c (x)´(x ¡ K ) the i i i 3 associated payo®. We will also denote PIBOR and Notional options with the superscripts P i and N o.
The results of Harrison and Kreps (1979) , of Harrison and Pliska (1981) , or at textbook level of Du±e (1988) p. 115, guarantee that there exists a Risk Neutral Density q(¢) such that the call and put option's price can be computed as a conditional expectation:
where µ is a vector of parameters characterizing the distribution.
There are di®erent approaches to obtaining a RND. It is possible to adopt a structural model as in Black (1976) where it is assumed that the Forward price follows a geometric Brownian motion. The arbitrage arguments of Black-Scholes (1973) then yield a RND. The observed non-constancy of volatility across smiles suggests that the structural assumption concerning the underlying asset is erroneous and suggests that the direct modeling of the RND in a nonparametric fashion may shed additional insights.
Paradigm used to value interest and bond futures options
In this work we are dealing with PIBOR and Notional options which are American options on futures contracts where the underlying asset is either an interest rate, or a bond. As summarized in Musiela and Rutkowski (1997) , chap. 14, structural pricing models have been developed for derivative instruments on interest rate and bond options. For the options at hand anecdotal evidence suggests, however, that operators use Black's 1976 model (possibly with ad-hoc improvements) and seldomly use their right of early exercise. Since we are interested, in this study, in constructing a simple tool to indicate market participants expectations we decided to neglect 4 the American type character of options and to focus on models in the same spirit as Black.
Black's benchmark model
Black's benchmark option pricing model assumes that the dynamics of the underlying asset follows a geometric Brownian motion dF = ¾F dW where ¾ represents the instantaneous t t t volatility and W is a Brownian motion in a risk neutral world.
t
For such a dynamic the risk neutral density can be written as
hence as a lognormal with mean ln(F ) ¡ 0:5¾ T and variance ¾ T . As discussed above, it is t possible to price Notional options following Black (1976). His formulas for European futures options are given by:
where © is the cumulative distribution function of a mean zero, unit variance normal variate. Under Black's assumptions, these formulas apply for the Notional option. For the PIBOR option it is necessary to take into account the fact that we are dealing with an entity which is quoted in terms of deviations from 100. Using
C (F ; K; T; r; ¾)´P (100 ¡ F ; 100 ¡ K; T; r; ¾) t t P i N o P (F ; K; T; r; ¾)´C (100 ¡ F ; 100 ¡ K; T; r; ¾) t t it is possible to price PIBOR options or to extract out of options an implied volatility ¾. As discussed in section 2.1 we neglect the early exercise possibility which is know to have 4 We will check the empirical relevance of neglecting the American option feature.
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value (see Stoll and Whaley (1993) p.184{190). This value is created by fact that the early exercise of an option gives its owner the futures contract and a possible margin adjustment. It is possible to (partially) correct Black's formulas for American type options following the approximation suggested by Barone-Adesi and Whaley (1987) . To check the importance of the American option feature we implemented this correction. Then we computed call and put prices, using the implied volatility supplied by MATIF, with and without the correction. The percentage di®erence is found to be more important for lower strikes than for higher ones, and more important for higher rather than shorter maturities. For the PIBOR (Notional) options the di®erence in option prices being always smaller than 1.13% (0.13%) we decided to pursue by neglecting the American option feature.
2.3 Non-structural methods to extract a RND
Approximation of the RND with a mixture of lognormal densities
A¯rst natural way to approximate the risk neutral density is to follow Bahra (1996) , Melick and Thomas (1997) , or SÄ oderlind and Svensson (1997) and to describe it as a mixture of L weighted lognormal distributions It then follows that the price of an European call option can be written as:
The expression for the density of a is given in formula (3) . In this case the call option price (1) can be written as:
In addition, it is convenient to impose the constraint that under risk-neutrality the Forward price should be equal to the expected Forward price at maturity.
This constraint can be imposed with a Lagrangean penalty function. Once estimates of the parameters are obtained it is possible to construct the RND with (4).
A semi-parametric approach involving Hermite polynomials
The theoretical foundations of this method (HER) are elaborated in Madan and Milne (1994) and applied in Abken, Madan, and Ramamurtie (1996) to Eurodollar futures options. Their model operates as follows. First, they assume that the underlying asset follows a lognormal di®usion
where W is a Brownian motion with respect to some abstract reference density Á(¢) assumed t to be Normal with mean zero and variance 1. This implies, when we move to a discretization that
¿ t 2 where z » N (0; 1). The density p(¢) of the actual statistical (observed) price process is obtained after a¯rst 6 2 Johnson, Kotz, and Balakrishnan (1994), p.241 indicate that if F » N (¹; ¾ ) then
; where U = :
The observation that
then yields a formula, equivalent, from the point of view numerical complexity, to Black's formula. 6 change of probability: p(z) = º(z)Á(z). Given actual data, p(z) could be estimated and thus º(z) inferred. The risk neutral density is given by another change of probability so that q(z) = (z)Á(z). The main thrust of their work aims at estimating¸(z).
The key observation of their approach is that the reference measure being a normal one, the various components involved in the option pricing can be expressed as linear combinations of 1 Hermite polynomials. Let fh g be those polynomials. Such polynomials are known to form
an orthogonal basis with respect to the scalar product < f; g >= f(z)g(z)Á(z)dz.
Since under the reference measure, Á(z), the dynamics of the underlying asset are perfectly de¯ned, Madan and Milne show how it is possible to write any payo®, such as for instance the payo® of a call option as:
The a are well de¯ned and their expression depends on ¹; ¾; T; ¿ . Hermite polynomial of order k will depend on a k-th moment we will also refer to ¼ and ¼ as 3 4 the price of skewness and kurtosis. For practical purposes the in¯nite sum can be truncated up to the fourth order. Madan and Milne (1994) then show that the risk neutral density can be written as ¾. In the empirical part of this work we will further pin down ¹ by imposing the martingale restriction E [F jF ] = F and estimate only ¾ and the future value of the third and fourth price q ¿ t t 7 The Hermite polynomial of order k is de¯ned as the solution to the di®erential equation
where Á is the mean zero and unit variance normal density. After standardization of the polynomi-
als H to unit norm, one obtains that the¯rst four standardized Hermite polynomials are h (x) = 1; h (x) = x,
7 of risk. The actual risk neutral density of F can then be inferred using a change of variable.
¿ 0
They also show that for two times till maturity T and T the following restriction must hold
k=2 0k=2 T T Even though they reject this restriction, one can use it as an approximation to extrapolate from given options information for options of a¯xed horizon.
Estimation of the RND with the Maximum Entropy Principle
A method based on the Principle of Maximum Entropy (ME) is introduced to Finance by Buchen, Kelly (1996) , and Stutzer (1996) . Its origin resides in the work of Shannon (1948) who related the notion of Entropy of thermodynamics to information. Jaynes (1957 Jaynes ( , 1982 ) later on extended this concept to statistical inference. As Buchen and Kelly recall: 'Jaynes argued along the lines of Gibbs, that the distribution that maximizes the Entropy, subject to the constraints, is the one that is least committal with respect to unknown or missing information and is, hence, also the least prejudiced'. The general de¯nition of Entropy is
where as before q(¢) will represent a RND. The Entropy can be viewed as a metric, the maximization of which will give a RND with the maximum possible information content.
With the notations introduced in Section 2 the constraints can be written as
where (10) insures that q is a density and (11) relates the RND with the ith call option.
The martingale restriction imposes the further condition
where F is the forward price. Condition (12) can be put in the same form as (11) with the t ¡rT notation c (x) = x and C = e F . (10) to (12) is a natural way to obtain the RND. To implement this approach one considers maximization of the
the RND is then found to be equal to
in which case the Entropy becomes
At this stage we have to indicate how this Entropy can be estimated. Buchen and Kelly (1996) show that partial di®erentiation of E yields
i i
@¸0 i
This means that when we have an extremum for equation (15) we get conditions (10) and (11). Inversely, the RND can be obtained by solving a system of m+2 nonlinear equations obtained by plugging (14) into (10)- (11) . Further simpli¯cations of the resulting expressions are obtained by explicit integration of the various terms which is done in an Appendix.
From (14) we notice that the ME method will give by construction RNDs composed by segments of exponential curves. Also, the ME method is an exact one in the sense that given m options and the martingale restriction, there will be exactly m + 1 segments composing the RND. A consequence of this fact is that if one of the options is somewhat misspriced then this misspricing will be completely re°ected in the corresponding RND segment.
RND for standardized options
As we will show in the empirical section, options are subject to a term structure of volatility as well as to complex changes of higher moments as time to maturity evolves. This means that the comparison of RNDs is di±cult across days and deserves further thoughts to which we turn now.
Butler and Davies (1998), who construct RNDs with the MIX approach, suggest linear interpolation as the preferred way to obtain information for options with a constant time to maturity. This means that they¯rst construct moments for¯xed maturities with a linear interpolation of existing moments. Secondly, to obtain RNDs with constant time to maturity they use a convex combination of existing RNDs where the weights involve the times to maturity. Since the MIX approach is non-structural there is no obviously better approach. Also, using this technique is delicate to obtain information for options with maturities outside existing ones since this would involve extrapolation yielding a possibly negative density.
Among the other methods of this study, ME is also a completely non-structural model. This suggests that for ME information for¯xed horizons could be obtained using a linear interpolation of moments or RNDs.
As for the Hermite polynomial approximation, because that approach is more structural, once parameters are estimated for one single maturity, by using (8) it is possible to infer infor-8 mation for all other maturities. In theory it is even possible to make inference for options with maturity above the longest existing maturity and similarly for the shortest maturity. For our data, without performing a formal test, for a given day, the left and right side of (8) took di®er-ent values as maturities changed. This suggests that it is possible to improve the extrapolation by using (8) to get forecasts for the ¼ for all existing maturities and by averaging. 
Empirical Results
Below we introduce the data used. Then, by focusing on¯ve dates surrounding the 1997 snap election we compare the various methods presented earlier. Eventually, we will discuss what kind of information is contained in PIBOR and Notional Options in a time-series context.
The data
Data on PIBOR and Notional futures-options as well as on the underlying futures contract has been kindly provided by MATIF and covers the period between February 3rd 1997 and July There are¯ve market makers for the 3-Month PIBOR Futures contract. Along with a permanent presence on the°oor, they have the duty to quote all the open strike prices at the request of either a market participant or an exchange supervisor. They must quote a maximum of 100 contracts with a bid/ask spread of 5 basis points for all the strike prices on the¯rst two expirations. The nominal is 5 million francs.
The market makers for the 3-month PIBOR Futures-options are the same¯ve as for the underlying contract. All options are American type. Price quotation is in 100 minus the percent of nominal value with 3 decimals. Strike prices are integer multiples of 10bp. There are at least quotes for the 15 closest ones to the money. At each point of time there are 4 maturities with expiration month March, June, September, and December. In-the-money options are automatically exercised on the last trading day. The last trading day is the 2nd business day preceding the 3rd Wednesday of delivery month at 11:00am (Paris time) for the expirations used in this study. The expiration date of the contracts is the same as of the underlying.
...and Notional options
For the dates considered in this study, the MATIF Notional bond futures has a 10% coupon 11 and is based on a¯ctitious 7-to 10-year French Government bond with 500'000F face value. Notional contracts are the most liquid ones traded at MATIF.
The Notional option is an American-type option. Its price quotation is in percent of the nominal with 2 decimals. The strike price is in integer multiples of 100bp, for at least 9 options closest to the money. Expiration dates are the same as for PIBOR.
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There are also¯ve market makers. For Notional Futures options the market makers have the duty to display continuously the strike prices surrounding the at-the-money price for the front-month option, and upon the request from either a market participant or an exchange supervisor, they must quote the other strike prices. To insure fair trading, for a maximum of 100 contracts, the market makers must quote a maximum bid/ask spread of 10bp for the 9 strikes surrounding the at-the-money price and for the front month, and 20bp for the other strike prices.
9 Information on how the MATIF operates can be found under the web-page: http://www.matif.fr/.
10 BNP, Caisse Nationale du Cr ¶ edit Agricole, CPR, Soci ¶ et ¶ e G ¶ en ¶ erale, and Transoptions Finance. 11 This¯ctitious bond can be obtained as a portfolio of OAT bonds where OAT stands for \Obligations Assimilables du Tr ¶ esor". Since December 1997 the Notional bond is assumed to pay 5.5% coupons.
12 Which are the same as for PIBOR with the exception of Indosuez replacing the Caisse Nationale du Cr ¶ edit Agricole.
11
The fact that market-makers for the PIBOR and Notional options are compelled to give quotes with a reasonable spread, assures that even if the trading volume of those options is small that there is information about market participants' anticipation.
MATIF follows the CME and uses traditional compensation whereby the option premium must be paid at the time an option is bought. This di®ers from the LIFFE where options are 13 futures-style margined.
The role of MATIF S.A.
MATIF besides its role as clearing house obtains each day implicit volatilities for certain reference strike prices. Then, in order to cover a wider range of strike prices they perform a linear interpolation between the range of reference strike prices. Outside the reference strikes they assume a constant volatility by choosing the closest reference strike. Then, using those volatilities and Black's model they infer an option price. Even though this approach may be of use for compensation purposes, for empirical purposes the data is likely to contain lots of noise.
14 Figures 1a to 1d display volatilities against strike prices for two selected dates.
Symbols on the various curves correspond to data provided by MATIF. Whenever symbols are lying on a straight line they can be assumed to be obtained with a linear interpolation. In other words, only symbols where the line has a link are likely to correspond to actual information. We also notice that MATIF does not systematically provide interpolated volatilities. For instance, on April 14th '97 and the PIBOR option with highest maturity, a volatility was quoted for the 96.0 and the 96.2 strike but not for the 96.1 strike. Those observations suggest that the methods used to extract information should allow for possible misspricing of the options, and also that one should consider¯lters before using this raw data.
Those¯gures also have an economic meaning. When we consider PIBOR options of a same maturity in Fig 1a and 1b, we notice that options with di®erent strikes have di®erent implied volatilities. This feature is precisely the option smile. We also notice the vertical shift of smiles as maturities change. This corresponds to a term structure of volatilities. For April 14th '97 a date one week before the o±cial announcement of the snap election, higher maturities are 15 associated with higher volatility. We will refer to April 14th as the normal date. When we take May 26th, the day after the¯rst election round, we notice the reversal of the term structure of volatility, translating the idea that operators had lots of uncertainty concerning the short run. 13 A nice feature of futures-style margining is that the early exercise feature drops and an American option can be priced as an European one (see Chen and Scott (1993)).
14 To simplify the¯gures, the extrapolations at constant volatility level to the left and to the right have already been discarded. 15 As shown later, on this date market makers did not anticipate, yet, the election.
Examples of Notional options' implied volatilities are displayed in Fig 1c and 1d . We notice that there exist less options on Notional options. The smaller level of volatility translates the fact that Notional prices have a smaller volatility than PIBOR rates. Next, we observe that for both dates the relative slope of the smile is not very steep. This suggests that the Notional might not react to political events as strongly as the PIBOR options.
Comparison of methods to extract RNDs
In this section we wish to compare along several lines the various methods. For practical purposes the method should be fast, should take into account the fact that the data is noisy, and should give results which are stable, i.e. there should be no di±culties to¯nding a global optimum during the numerical estimations.
Rather than using the entire database we consider at this stage¯ve selected dates. Monday April 14th 1997 which is one week before the o±cial announcement of Dissolution of Parliament. Monday April 21th, the day after the o±cial announcement. May 26th, the¯rst Monday when trading occurred after the¯rst round of legislative elections. Anecdotal evidence suggests that the then opposition party might win the elections. Next, we consider June 2nd, the¯rst Monday after the second round of elections. At this stage it was known that the Government of Alain Jupp ¶ e was defeated and that the Socialist-Communist parties had made it back to government. Last we choose June 9th which is a Monday one week after the elections.
Implementation of the various methods
We implement the benchmark model (LN) and HER in a NLLS framework by minimizing separately for each day and maturity
here C is the actual price of a call option and C is the price given by a certain model. This
means that we¯rst transform put option prices into call option prices using the put-call parity. Also for options with a same strike we use the in-the-money option. 16 The fact that option prices deviate from the Black-Scholes option price suggests that there are market imperfections implying that options might not be completely hedged and that the put-call parity might not hold. To check for robustness of our results we used separately put and call options and experimented with several methods. We obtained results similar to the ones reported. A possible explanation is that the put-call parity holds rather well since its derivation only involves the payo®s at maturity whereas the hedging argument involves locally riskless portfolios which may not exist if the price process of the underlying jumps or changes its volatility.
To implement the model involving a mixture of lognormal distributions (MIX) we add to (17) a Lagrangean penalty involving the distance between the actual futures prices and the expected one.
Implementation of the maximum Entropy method (ME) on the raw data turned out to be problematic. Since this method is an exact one, and since some of the prices are only linear interpolations, we were often unable to obtain convergence of the method. When the method converged we found that the obtained RND contained huge humps. To improve this situation we decided to¯lter the data by removing all possible linear interpolations in the smiles and to keep only those options where the smile has a kink. This greatly improved the performance of the ME method.
To remain coherent, we also applied the other methods to the data¯ltered in this way. Now, those methods turned out to show poor convergence properties because of the small number of remaining strikes.
At this stage we decided to implement the ME method with¯ltered data and the other methods with the raw MATIF data (making sure that we have for each maturity at least as much data as parameters).
To further check for robustness of our parameter estimates, we estimate for each date and maturity each method with a set of 20 di®erent starting values obtained as random variates with 17 enough standard deviation to insure coverage of a large spectrum of possible initial values. At this stage we wish to report the di±culty to¯nd a global minimum for the MIX model. In Tables 1 and 2 we compare the mean squared error (de¯ned as MSE= (C ¡ C )
The¯t of the models
where n is the number of parameters involved in the method) and the average relative error (de¯ned as ARE= ((C ¡ C )=C ) ). The MSE is expected to be larger if the option
prices are larger and allows comparison across methods for a given type of option. The ARE further allows comparison across data sets by relating the error to the size of the option prices. Tables 1 and 2 do not contain the errors for the ME method since, by construction, this method is an exact one and there is no error term. We notice in both tables that the benchmark model (LN) provides only a very poor¯t. This¯t improves when we shift to the mixtures of lognormal model. When we turn to HER we¯nd an even better¯t both in the MSE and the ARE.
Who is the Champion?
At this stage our preferred methods were HER and ME. To shed further light on the relative contributions of the methods, we consider in Table 3 the patterns of volatility, skewness, and kurtosis for the PIBOR options. We notice a very similar magnitude of volatility across methods. Skewness and kurtosis have di®erent magnitudes across methods but for a given date, the pattern of how skewness and kurtosis vary across maturities is similar for MIX and HER but not for ME. For instance for the latter, there seems to be a systematical decrease in kurtosis for options with higher maturity, whereas with HER there is¯rst an increase then a decrease (for all dates after the announcement of the election, but June 9th). If we associate with volatility general economic uncertainty and with kurtosis occurrence of an extreme variation of the underlying asset the ME suggests the occurrence of a large variation in the short run, whereas HER postpones such a variation subsequently to the elections which, on economic grounds, appears reasonable.
Further inspection of Table 3 shows that on the normal day, April 14th, implied volatility increases with maturity but that skewness as well as kurtosis decrease. This suggests that a variation of interest rates, which might be considered extreme in the short run, actually becomes normal in the longer run.
Last, we notice, for all days and maturities, that skewness is always negative (and more negative than for the LN-benchmark). This suggests that operators anticipated an increase in interest rates rather than a decrease. This also holds for April 14th suggesting that there is also a Peso-problem in interest rates.
We further compare the various methods by displaying in Figures 2a-2d the various RNDs for April 14th and May 26th. Careful inspection of Figs 2a and 2b for the PIBOR option shows that whatever the date, the one or the other method gives a shape of the RND which is unlike the others. (Whatever the method considered, we notice a strong deviation from lognormality). It appears that the various methods have more similar RNDs for the earlier maturities than for the latter ones for possible liquidity reasons.
Focusing on the ME we notice that this method produces RNDs with sharp kinks. As discussed earlier, this is a direct consequence of the way the method operates. Table 3 shows how the tail-behavior of the RNDs di®ers.
When we turn to Fig 2c-2d corresponding to the Notional options, we notice that now the various other than lognormal distributions behave more similarly. Again, since the ME does not allow any possible misspricing we notice weird kinks in the distribution.
To conclude this section we recognize the di±culty to select a champion among the various methods. The rather popular method involving a mixture of lognormals, which appears to do a good job for exchange rate data (see Jondeau and Rockinger (1997) ), has di±culties to converge to a global minimum: Its residual error is larger than for HER and ME. On the other hand the RNDs for HER sometimes take negative probabilities and the ME gives raise to strangely shaped densities and is moreover slower than HER to¯nd a solution. In our quest of a quick and numerically robust method which also allows simple construction of options with¯xed maturities as discussed in section 2.3.4 we decided to pursue our investigations with HER only.
It should be noticed that in Jondeau and Rockinger (1997) HER was found to give RNDs which were very similar to RNDs obtained with Edgeworth expansions as suggested by Jarrow and Rudd (1982) and implemented by Corrado and Su (1996) . In this work we did not attempt to use Edgeworth expansions because they are obtained in a less-structural framework than HER and it would have been di±cult to obtain RNDs for constant maturities.
Market operators' expectations through time
In this section we consider the Hermite polynomial approximation and the entire database to investigate how the expectations of traders in PIBOR and Notional options evolved through time.
At this stage it is necessary to insist on the fact that we are interpreting moments derived from the RNDs as if they were obtained in the actual world. This is based on the remark by Rubinstein (1994) that: ..., despite warnings to the contrary, we can justi¯ably suppose a rough similarity between the risk-neutral probabilites implied in option prices and subjective beliefs. Rubinstein justi¯es this with a numerical example. This means in particular for the graphs presented below that any number should be considered as an approximation to the actual subjective one. Thus, changes in the numbers are more informative than the actual levels.
PIBOR options
Fig 3a displays the evolution through time of the ARE. We notice that the model¯ts better for 18 the option with greater maturity. Fig 3b displays the various standard errors of the estimated parameters. We notice that for all dates volatility is rather well estimated. Skewness has higher errors and kurtosis is even worse. This con¯rms the¯ndings of Corrado and Su (1996) who notice that kurtosis is highly correlated with volatility which renders its precise estimation di±cult. We further notice that many dates when the ARE was found to be large in Fig 3a are also associated with worse estimates of skewness and kurtosis but not with volatility. 18 We also report that when we initially estimated the model in a time-series context we obtained much larger ARE for certain dates. This resulted from the fact that some prices appear to be badly quoted. We decided to implement a loop in the program where we check for possible misspricing of certain strikes. Such misspriced strikes then get eliminated. This method gives us a certain control over the ARE. The ME being an exact method, would have yielded a very strangely shaped RND for such a price without providing to the econometrician an indication on how to objectively¯lter the data.
Fig 3c shows us in a nice way how global uncertainty of market operators evolved through time. We notice the relative calm in the market before April 14th. Then volatility builds up in the week before the o±cial announcement occurred. After the o±cial announcement on April 21th, uncertainty remained constant. Then came the surprise on May 26th that the government might change. This uncertainty rose even further as polls revealed the possibility of a socialist victory. On June 2nd it became clear that the socialists had won. As they held reassuring talks about their stance on the European Monetary Union and their general economic policy markets appeared to calm down.
In Fig 3d we turn to (the negative of) the price of skewness which further indicates that operators anticipated directional moves of interest rates. Clearly this measure has greater variability than volatility.
In Fig 3e we investigate the evolution through time of the price of kurtosis. Comparison with volatility, displayed in Fig 3c, shows that there appears to exist a trade o® between the two. Dates before or after the period of elections had lower volatility but higher kurtosis and vice versa during the election period. Also, the trend towards higher skewness after the elections reveals that under the previous government, traders were somewhat worried about abnormal variations towards higher interest rates. During the election, global uncertainty increased and decreased after. However, traders were then more worried about an abnormal variation than before the election. This suggests that by the end of July 1997 the new government was unable to dissolve all fears.
It is possible to analyze this information in an alternative manner by considering con¯dence intervals obtained from the RND. Let b and b be the 5-and 95-percentiles of the RND. We We also obtain percentage deviations with
Percentage deviations are relative to the forward price and are indicative towards which side the RND tends. Also, as discussed in section 2.3.4, the availability of options with several maturities allows construction of standardized options by interpolation of the parameters. We focus now on options standardized arbitrarily for 3 months (90 days) and 9 months (270 days). In Table 4 we display con¯dence intervals as a percentage and in absolute terms. Figures 3f and 3g display for each day such intervals. To make results as easy to interpret as possible, we transform the 100 ¡ F quote into a forward rate F .
For the normal date we notice that operators tend to believe that rates are likely to deviate with 90% down to 8.25% and up to 15.64% around the current forward rate within 90 days. This range increases substantially for the 9 month standardized option.
As news hit the market by April 21st fears of large movements of rates appeared. Those fears where greatest after the¯rst round of elections. One week after the second round uncertainty had decreased but was still high.
Fig 3f gives a more intuitive picture of this evolution. We notice, going directly to rates, that operators put a lower bound on rates with ranges between 2.8 and 3.0%. Even though the forward rate does not move very much, we see huge variations in the upper bound. Even though, after the elections, the upper bound decreases, it remains high. This¯gure also con¯rms that the market knew about the election before the o±cial announcement occurred. Fig 3g displays the con¯dence intervals for a 9 month horizon. We notice a slight widening from below and a large widening from above of the con¯dence interval. The interval has widened over the sample and shifted upwards.
This suggests that investigating RNDs can shed additional light on how¯nancial markets operate and that they contain information which is not contained in traditional instruments such as term structures of forward rates.
Notional options
We now turn to the analysis of the Notional option contracts. A¯rst di±culty stems from the fact that for certain dates we only have information for options for one maturity and on other dates for two maturities. Further, since bond options obey a particular pattern for volatility, a jump occurs in the prices when one switches from one maturity to the other. For this reason we focus on options with the higher maturity since those instruments appear to be more liquid.
In Figure 4a we display the evolution through time of the ARE for the most liquid option. The mean of the ARE for this situation is 0.0012. For PIBOR options this variable takes the mean value of 0.0235 for the shorter maturity and 0.0016 for the longest maturity. This indicates that in general the¯t for Notional options tends to be better than for the PIBOR option.
In Figure 4b we display the evolution of the standard errors for the various parameters. Wē nd a similar pattern as for PIBOR options, namely that volatility is much better estimated than higher moment parameters. The standard errors for the price of skewness and of kurtosis are not as good.
In Figure 4c we consider the plot of volatility. As for the PIBOR the implied volatility increased in the week before the o±cial announcement of the snap election. Unlike the PIBOR, volatility then decreased sharply. As the¯rst round of elections approached this volatility builds up again but decreased even before the second round took place. After the elections volatility decreased too. Clearly, the pattern of volatility is more irregular and we¯nd higher volatility in the Notional between mid till end of March.
Similar to the PIBOR case it is possible, by using risk-neutral con¯dence intervals to gauge how market participants' expectations evolved through time. This is done in Table 5 where we present con¯dence intervals for various maturities. We notice that the forward price is higher for the shorter maturity than for the longer one when both maturities are available. The width of con¯dence intervals increased and traders expected notional prices to become lower rather than higher as uncertainty increases. Clearly, some of the¯ndings are possibly due to the fact that the time till maturity changes. For this reason, we focus now on standardized 90 days options. For days with enough information for two maturities we choose the more liquid one (second maturity) and use formula (8) to extrapolate¯xed horizon parameters. While doing so, we clearly neglect the possibility of a term structure of volatility. Figure 4d displays the evolution through time of an interpolated 90 days forward price and the 5-and 95-percent con¯dence bounds. We notice that by and large the lower bound in Figure 4d behaves similarly to the upper bound of Figure 3f and 3g. Since if Notional bond prices decrease this implies a rise in long-run rates, we conclude that the information contained in PIBOR and Notional options is similar. Already by mid-March, well before the o±cial announcement of the elections, the lower bound became smaller. After some normalization after the announcement, as the¯rst round approached the lower bound dropped again. Exactly as for the PIBOR contracts markets calmed down before the second electoral round.
We can summarize our experiments with Notional options as follows: For many days there is only enough information for one maturity and when there is information for two maturities then estimates are usually not as good for one maturity as for the other one. This makes the estimation of standardized options more di±cult. Globally, we get the impression that Notional options convey a similar information as PIBOR options, but the message comes through with more noise.
Conclusion
In this paper we investigate the information context in PIBOR and National futures options during a period when¯nancial markets were subject to great uncertainty, namely the 1997 snap election.
We¯rst consider several methods to extract risk neutral densities. Whatever the method, we obtain a better¯t to option's prices than with the traditional benchmark lognormal distribution. Eventually, we settle for an approximation based on Hermite polynomials developed originally by Madan and Milne (1994) . This method yields accurate estimates and is able to deal with somewhat dirty data. It is fast and does not su®er from di±culties to yield a global optimum. Also, this method can be used to obtain standardized options, i.e. with a¯xed time till maturity.
Then we apply this method to data ranging between February 3rd and July 30th 1997. For PIBOR options we notice that the market anticipated that elections were about to be called even before the o±cial announcement. As polls suggested a possible change of government before the¯rst electoral round, uncertainty increased. After the second round of the elections, even though uncertainty about the future decreased, the market still appeared to have fears about a future increase of interest rates. This can be explained by the possibility that markets accepted the fact of a socialist victory but were still uncertain about the future political program. By the end of July '97 the new government was still unable to reassure completely the¯nancial market about its intentions.
In contrast to the information extraction out of PIBOR options, information extraction out of Notional options is more delicate. For a given date and maturity there are only fewer strikes which get quoted. Also, since the market for this type of instrument is less liquid, at most, options with two given maturities on a given date are available. As a consequence, the construction of standardized options is more di±cult and likely to be prone to errors. Given those caveats, the information contained in Notional options seems correlated to the one contained in PIBOR options.
Appendix
To actually implement the method of maximum Entropy we de¯ne a´¸+¸+ ¢ ¢ ¢ +¸, 
The following lemma simpli¯es computations Lemma:
Straightforward but tedious computations then give:
where we have set K = +1 as before. Clearly, one must select parameters such that a < 0:
To obtain good convergency properties the choice of initial values is crucial. We found the following procedure to give good starting values:
First, we estimate using NLLS the parameters of a log-normal densityq(x), which is an approximate risk neutral density. Second, we evaluate this density over a¯nite support by taking a grid. Since we would like to obtain¸so that the estimated Entropy density comes i close toq(x) we consider the system:
Since the c (¢) are perfectly known (at least if we have taken x over a¯nite grid) it is possible i to estimate as a last step¸using OLS. parameters involved in a given estimation, and ARE = ((C ¡ C )=C ) ). n takes the i i i i=1 m¡n values 1,4,3 for LN, MIX, and HER respectively. Table 2 . The error measures MSE and ARE are the same as in Table 1 . Table 3 . The moments for PIBOR options presented here for the various methods are directly obtained from the Risk Neutral Densities. Con¯dence intervals are constructed for virtual options with 90 and 270 days to maturity. Table 5 . Con¯dence intervals for the Notional forward price. Construction of variables as in Table 4 . Maturity is as given by options. 
